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Abstract 

We show that the algebra of functions on the Grassmann supergroup Gr q (l|l) 
has a (graded) Hopf algebra structure related to GL g (l|l). 
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In the past few years, quantum groups 1 and (/-deformed universal enveloping 
algebras 2 have been intensively studied both by mathematicians and mathemati¬ 
cal physicists. From a mathematical point of view, these algebraic structures are 
just special classes of noncommutative Hopf algebras. 

The algebraic structure underlying quantum groups extends the theory of the 
supergroups. 3 The simplest quantum supergroup is GL ? (1|1), i.e. the deformation 
of the supergroup of 2x2 matrices with two bosonic (even) and two fermionic (odd) 
matrix entries. 


The aim of the present work is to construct the (graded) Hopf algebra struc¬ 
ture of the Grassmann supergroup Gr 9 (l|l), the superdual of GL 9 (1|1), which was 
introduced in Ref. 4. Before discussing the (graded) Hopf algebra structure of 
Gr g (l|l), let us first give some notations and useful formulas about the quantum 
Grassmann supergroup Gr g (l|l). 


A Grassmann supermatrix T which is an element of Gr(l|l), is of the form 


f = 



b 

5 


with two odd (greek letters) and two even (latin letters) matrix elements. The 
symbol hat is used to distinguish T from an element T of GL 9 (1|1). 


The (/-deformation of the Grassman supergroup Gr(l|l) as a quantum matrix 
supergroup Gr 9 (l|l) is generated by ct, b, c, 5 with the relations 4 : 

ab = q _1 ba, ac = q _1 ca, 

5b = q~ 1 b5, 5c = q^c5, 

a5 + 5a = 0, a 2 = 0 = 5 2 , ( 1 ) 

be = cb + (q — q~ l )5a 

where q is a non-zero complex number and q 2 ^ 1. The associative algebra (1) is 
equivalent to equation 5 

R l Tif 2 = -T 2 TiR 2 (2) 

where 
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are both the solutions of the quantum (graded) Yang-Baxter equation. Here, we 
used the tensoring convention 

(T,)g = (T®/)g = 7<7 

(Ti)H = (/ ® f )% = (-1 Y^T/Sl (4) 

The central element of the algebra (1) is 4 

D q = be _1 — ac~ 1 8c~ 1 = c~ l b — c _1 ac _1 h. (5) 

We now denote the algebra generated by the elements a, b , c, 8 with the 
relations (1) by A We want to make the algebra A into a (graded) Hopf algebra 
related to the quantum supergroup GL 9 (1|1). Because of this, we state briefly 
some properties of the quantum supergroup GL g (l|l) we are going to need in this 
work. 

The quantum supergroup GL 9 (1|1) is generated by four generators a, (3, 7, d 
and the (/-commutation relations 3 


aj3 = q(3a, d/3 = q(3d , 


a 7 — <77°; dl — <nd, 

(6) 

/?7 + = 0, (3 2 = 0 = y 2 , 


ad — da + (q — g” 1 ) 7 /?. 


The generators satisfying the relations (6) generate the algebra called the algebra 
of functions on the quantum supergroup GL 9 (1 1) and we shall denote it by A. 
We know that the algebra A is a (graded) Hopf algebra whose structure we now 
discuss. We represent the set of generators a, (3, 7 , d in the form of a matrix 

T =(; *)■ 


Then the relations (6) are equivalent to equation 


rt x t 2 = T 2 T x R 

( 7 ) 

where 

(q 0 0 0 \ 

0 10 0 
{ ~ 0 q - q- 1 1 0 ' 

\0 0 0 q~ V 

(8) 


The superinverse of T is given by 3 


( A 

n\ 

/ a 1 + a 1 (3d 4 q a 1 

—a 1 /3d 1 \ 


DJ = 

V —d _1 7a _1 

d _1 + d~ 1 'ya~ 1 /3d ~ 1 / 
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and the super determinant is 


D q — ad 1 — /3d * 7 . (10) 

It is easy to verify that D q commutes with all matrix elements of T. Note that 
the matrix elements of T with those of T ^ 1 satisfy the following relations 

aA = q 2 Aa + 1 — q 2 , dA = Ad, 

ciD = Da, dD = q 2 Dd + 1 — q 2 , 
aD = qDa, dD = qDd, 
or = qYa, dT = qTd, 

(3A = qA/3, yA = qA 7 , ( 11 ) 

(3D = qD(3 , 7 D = qDj, 

(3D = D(3, jD = —q 2 fly, 

(3v = - q 2 v(3, 7 r = r 7 . 

The usual coproduct is given by 

A: A —* A <g> A, A (t)) = 4 ® ( 12 ) 

where summation over repeated indices is nnderstood. One can rewrite the last 
formula in the following nice and elegant form 

A (T) = T®T (13) 


where ® stands for the usual tensor product and the dot refers to the summation 
over repeated indices and reminds us about the usual matrix multiplication. The 
counit is given by 


£ : A -> C, 

e(t}) = S*. 

(14) 

The coinverse (antipode) is given by 

5 : A —> A, 

S(T) = T~\ 

(15) 

It is not difficult to verify the following properties of the co-structures: 

(A <gi id) 0 A = (id ® A) 0 A, 

(16) 

p(£® id) 0 A = 

/l 0 (id <® e) 0 A, 

(17) 

in 0 (S ® id) oA = £ 

— m 0 (id ® S') 0 A, 

(18) 


4 



where id denotes the identity mapping, 

p: C®A —* A, fj! : A® C —> A 

are the canonical isomorphisms, defined by 

fi{k <® a) = ka = p'(a ® k), Va G A, Vk E C ( 20 ) 

and m is the multiplication map 

m\A®A—> A, m(a®b)=ab. ( 21 ) 

The multiplication in A ® A follows the rule 

(A ®B)(C®D) = (-1 y&MCOAC ® BC (22) 

where p(X) is the z 2 -grade of X, i.e. p(X) = 0 for even variables and p(X) = 1 
for odd variables. 

Since the (graded) Hopf algebra structure of Gr ? (l|l) is related to those of 
GL 9 (1|1) it is necessary to obtain the commutation relations of the generators of 
A with those of A. We define the (mixed) commutation relations between the 
generators of A and A as follows: 

RT\T 2 = (_i)p(^)r 2 Ti R', R' — R — (q — q~ l )P (23) 

where P is the superpermutation matrix. The equation (23) gives the mixed 
relations 

aa = q 2 aa, /3a = —qa/3, 

ab = qba + ( q 2 — 1 )a/3, /3b = b/3, 

ac = qca + ( q 2 — 1 ) 07 , (3c — c/3 + (q — q~ 1 )ad , 

aS = 8a + (q — q , “ 1 )(/3c — 67 ), (35 = —q l 5(3 + (1 — q~ 2 )bd, (24) 

da = ad , 7 a = —qa'f, 

db = q~ l bd , 76 = try — (q — q~ x )ad, 

dc = q~ x cd, 7 c = C 7 , 

d5 = q~ 2 5d , 7 $ = —q l 5^ + (1 — q~ 2 )cd. 

Using these relations, it is easy to verify that D q , which is given by (5), is still a 
central element, i.e. D q also commutes with the generators of A. 

After some algebra the commutation relations between the matrix elements 
of T with T ” 1 are obtained to be 

a A = q 2 Aa, 5 A = AS, 


5 



aD = Da , 5D = q~ 2 D5 + (q — cf l ) 2 Aa + (cf 2 — l)(12c — T5), 

a:12 = —gf2a, 512 = — g _1 125 + ( q l — q)Ab , 

aT = — qTa, 5T = — g~ 1 T(5 + (g^ 1 — q)Ac, (25) 

bA = qAb, cA = qAc , 

bD = q^Db + (q — q-^Qa, cD = q l Dc + (g — g _1 )To!, 

512 = 125, c!2 = 12c + (g 2 — 1 )Aa, 

5T = T5 + (1 — q 2 )Aa, cT = Tc, 

D q u = q 2 uD q , u G {cp 5, c, 5}. (26) 


Before defining a coproduct on the algebra A, let us note the following facts. 
Let T and T' be any two supercommuting matrices that satisfy (1). We denote a 
product TT' by T. Then, it can be verified that the matrix elements of T satisfy 
the commutation relations (6) of GL g (l|l), i.e. if 

a 5 \ / a' b' 
c Sj\cf 6' 

then we have the relations (6). In short, 

T,f'eGr q { 1|1) ==► T = ff'eGL q ( 1|1). 

In view of these facts, we can say that there may be no coproduct of the usual 
form A(T) = T®T. For, this coproduct, if existed, would be invariant under the 
g-commutation relations (6) of GL g (l|l). But we can define a map on the algebra 
A as follows: 



A: A — * A® A, A(f) = T®T + {-1) p{t) T®T . 

Explicity, 

A(a) = a®a + b®^( + a®a — [3® c, 

A(5) = b®d + a®(3 + a®b — /3 ® S, 

A(c) = c®a + 5®^ — 'j®a + d®c, 

A(5) = S®d + c®/3 — r j®b + d®6. 

The action on the generators of A of £ : A —> C is 

£(a) = £(b) = £(c) = e(<5) = 0. 


(27) 


(28) 


(29) 
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Finally, we define the coinverse as 

S:A — *A, S(T ) = -(-1 )p( t - 1 )t- 1 TT-\ (30) 

The action of S on the generators of A is 

S(a) = — (aA + bT)A + q(cA + <fT)f2, 

S(b) = — {aA — cf2)fi — q(bA + 50.) D, (31) 

S(c) = -(aA + bF)T - q(cA + $T)D, 

S(S) = q 2 (aA — dX)D + q(afl + q 2 bD)T — (aA + q 2 5D)D. 

It is not difficult to check that the maps A and e are both algebra homomorphisms 
and S is an algebra anti-homomorphism and also the three maps satisfy the 
properties (16)-(18), and they preserve the relations (24) provided that the action 
on the generators of A of A is the same with (13). 

The coproduct, counit and coinverse which are specified above supply Gr g (l|l) 
with a structure, which can be called a quasi-Hopf algebra. 

It is interesting to note that there is a close connection with the differential 
calculus 6 on the quantum supergroup GL g (l|l) via the equation (23). In fact we 
have observed that the matrix elements of T G Gr 9 (l|l) are just the differentials 
of the matrix elements of T e GL g (l|l). In other words, we can interpret the gen¬ 
erating elements of Gr ? (l|l) as differentials of coordinate functions on GL g (l|l). 
In this case, we can write T = dT (more information on these issues are given in 
ref. 6). Then the extended algebra can be interpreted as an algebra of differen¬ 
tial forms on GL 9 (1|1). Thus the coproduct is interpreted as a (left and right) 
coaction of the quantum supergroup GL 9 (1|1) on differential forms. To this end, 
we consider the two maps 


A r : r — 

-»• r® a, 

A r o d = (d 0 id) o A 

(32a) 

Al : r — 

^A0T, 

A l o d = (r ( 8 ) d) o A, 

(32b) 


where T denotes the differential algebra of A. Here r : T —> T is the linear map 
of degree zero which gives r(a) = (—l) p ^a. We now define a map 4>r as follows 

<j) R (u idui + d v 2 u 2 ) = A(ui)A R (dvi) + A R (dv 2 )A (u 2 ) (33) 

and another map <j> R by replacing L with R. The following identities are satisfied 

((f) R ® id) o cj) R = (id ® A) o (fi R (id ® e) o cj) R = id, (34a) 
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(id 8> <f> L ) o (j) L = (A (g) id) o <j) L (e® id) o (f) L — id. 
Consequently, we define the map A, in (27), as 

A = (j)R + (j) L . 


(34b) 
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